Matrisler
Elementer Satir Islemleri
Gauss Eliminasyon



Matrisler ve Satir Islemleri
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Bir matris dikdortgen sayilar

yerini belirler.
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Matrisler
boyutlari ile
tanimlanir.
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Satir ve sutun sayilari ayni olan matrislere kare
matris denir.




Amac: Bir lineer denklem sisteminin ¢cozumunu
bulmak

Katsayi Matrisi

3 -2 5
A=-2 1 4
1 4 -7
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Tlaveli Matris

A=

Katsayl matrisine sistemin
sag tarafindaki sabitlerin
eklenmesi ile elde edilen
matrise ilaveli (arttiriimis)
matris denir.

3 -2 5 |3
-2 1 4 |-2




Elementel Satir Islemiler:

1. Iki satirin yerlerini degistirme

2. Bir satiri sifirdan farkli bir sabit ile carpma

3. Bir satirin sabit bir katini diger bir satira ekleme
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Symbol Tanim

R; + kKR, — R; Bir satirin sabit bir katini diger bir satira

(r; + krj — ) ekleme

KR, Bir satiri sifirdan farkh bir sabit ile
(kry) ¢carpma
R o R

i j
(rier)

Iki satirin yerlerini degistirme




Satirea Eselon Form

Elementer satir islemleri kullanarak, ilaveli matrisi asagidaki
gibi bir matris formuna getirebiliriz. # isareti sadece sayilari
ifade etmektedir --- Ne oldugunun bir 6nemi yoktur.

1 # # #
0 1 # #
0 0 1 #
"Amac"

Matrisi, yukardaki forma getirdikten sonra, degiskenleri
verine yazarak, ve geriye yerine koyma metodu ile
sistem cozuldr.



Satir islemlerini kullanarak X+ 2 Y+ 7= 1
eselon formu elde etme:

_ _ 3X+9y+z2=3
zaten1 —11 2 1 1 X +6Y+72=1
3 5 1
llaveli matris _2 o6 / 1_
Satir 1 ‘i alip, sifir elde etmek
Icin, -3 ile carpip ikinci satir ile -
toplayacagiz. Bunun igin 1| # #
notasyon: =3r;+r, ->1, 0ol 1 #
Amacg "0 0 1
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1 2 1 1 1 2 1 1
3 +0|0 =1 =2 0|« 0 -1 -2 O
2 6 7 1| | Ph*t%|0 2 5 1«

Birinci sdtun icin amaca

ulasiimistir.
-3 -3 -6 -3 -3 —-2r, -2 -4 -2 -2
th 3 5 1 3 th 2 671
0 -1 -2 0 — 0 2 5 -1

Simdi, 1.satir ‘1 -2 ile carpip 3. satira eklenirse, sifir elde
edilmis olur.
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1(2) 1 1
o, o |4 $2 o0
02| 5 -1

Ikinci satirda 1 ‘e
ihtiyacimiz oldugundan, -1
ile carpllir.

1 2 1 1
01 2 O
2t O 0 1 —1

1 li satir 2 yi kullanarak, 1
in altini sifir (0) yapmak
icin, ikinci satir1 -2 ile
carpip 3. satir ile

—2r, 0 -2-4 O toplayalim.
o Simdi ikinci sutun,
2 0 2 5 -1 amaclandigi g|b|d|r.
0 0 1 -1 — 1 # 1
Simdi ikinci sutuna ilerleyerek 0 #

yukarida belirtilen amac¢ matrisini

bulacagiz.
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- Ikinci denklemde z= -1
0 112] 0 yazilarak, y bulunur.
_O Oi —1_ Birinci denklemde y=1 ve z= -1
yazilarak, x bulunur.
- Solution is: (-2,2,-1) -
3_Sutunistedigimizformda .llllllllllllllllllllllllll.
oldugundan, elementer satir ‘1 1 #‘

islemlerini durdurup, geriye
yerine koyma metodu ile ¢coziime

gecilir.
H

#
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0 0



X+2y+z=1 Seivtonis: (7210
3X + 5y +7 = 3 --------------------------

Sistemin tek ¢c6zdmu budur.

72X + 6y +77 =1 Sonucu dogrulamak igin
sistemde yerine yazalim.

(_ 2)_' 2(2)+ (— 1) =1 — Hepsi dogru !
Geometrik olarak, Ug¢

3(-2)+5(2)+(-1)=3 dizlemin bir noktads
2(— 2)-|- 6(2)_|_ 7(_ 1) -1 kesistigini gosterir.




Saurea Indikgenmis Eselon Eorm

Satirca indirgenmis eselon formu elde etmek icin, elementer
satir islemlerine asagidaki matris formu bulana kadar
devam edilir.

1 0 0 #
O 1 0 #
O 0 1 #
"Amag"

Bu metod geriye yerine koyma metodu gerektirmez.
Sadece degiskenler yerine yazilarak ¢cozim bulunur.



Eselon Formlar

Satirca eselon

. formu
1 3 -6 10 O]
0 0 1 4 -3
o0 o0 1 ¢
00 0 0 O

ot

.

Ik 1'ler ardisik satirlarda
saga kaydiriimistir.

Satirca indirgenmis
eselon form

1300 O
0010 -3
0001 1
0000 O
toot

v

ik 1'lerin altindaki ve
ustundekiler O dir.



Onceki 6rnekteki sistemi satirca X + 2 V+27Z= 1
indirgenmis eselon form

kullanarak yapalim: 3X+9y+z2=3

- _ 2X+06y+7z2=1
3ratry 1 0 0 -2

—2r,+r, 0 1 0 2| Xx=-2,y=2,z2=-1
0 0 1 -1

=
o
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llaveli matrisi, eselon form getirmek icin
tanimladigimiz bu metoda (veya algoritmaya)
Gauss Eliminasyon (yok etme) denir.

llaveli matrisi, satirca indirgenmis eselon forma getirmek igin

tanimladigimiz metoda (veya algoritmaya) Gauss-Jordan

Yontemi denir.




Ornek:

llaveli matris:

3 -2 2 6
2 -3 4 0
7 -3 2 -1

e l1 =2
—2r1+r2 0 -5 8
it 10 —-10 16

6
12
43

" A 2 @ 0 0 1 #

3X—2Y+22=0
2X—3y+4z=0
X-3y+2z=-1
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1
0
0

10r,+r,

1
-9
—10

1 1
0 1

0 0

— 2
8
16

— 2
8

5
0

6
~12
—43

6
12

5

-19

3X—2Y+22=0
2Xx—3y+4z=0
IX—3y+2z=-1

Olamaz! Eger
degiskenleri yerine
yazarsak, 0 =-19
celiskisine ulasilir!

TUTARSIZ SISTEM - COZUM YOK !!!
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5 -6 1 4|  Birsmek OX—by+z=4
2 -3 1 1 daha: 2Xx—3y+z=1
4 -3 -1 5 4x—-3y—z=5
4+, |1 -3 2 -1 1 -3 2 1
2 -3 1 1 13r, |0 1 -1 1
4 -3 -1 5 O+ |0 0 0 O

Son satir hep sifir.

1 -3 2 -1 1 # # #
or+r, |0 3 -3 3 0 1 # #
“4rr, (0009 -9 9 "Amag” |0 0 1 #




1 -3 2 -1 X —7=7
0 1 -1 1

y-z=1
0 O 0 0 X &Yy icin ¢0z
ikinci sutunda, 1 in yukarlsmdakl [=1
elemani sifir yapmak i¢in, bir adim
daha gidelim. z Uzerinde bir
Xy £ kisitlama yok.
I K=17+2
3rytry 1 0 -1 2
y=2+1
0 1 -1 1
00 0 0/ L=

z herhangi bir reel sayi ise, sonsuz ¢cozum !!!



5x—6y+z=4  5(2)-6(1)+0=4
2Xx-3y+z=1 \1)+o:1
4x-3y—-z=5  4(2)-3(1)-0=5

Bunun anlami, z i¢in herhangi bir The solution can be
deger alinip, x ve y, z cinsinden written: (z+2,z+1, 2)
bulunabilir. Sonsuz ¢c6zim. z burada
serbest degisken.
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X=27+2
y=z+1
z=1ligciny=2vex =3 7 =7

z=0iciny=1vex=2

z herhangi bir reel sayi ise, sonsuz ¢cozum.



Ornek:

(X, +3X, —2X, + 2%, =0

2X, +6X, —5X; —2X, +4X, —3X, =1
5X, +10X%, +15X, =5

|2X, +6X, +8X, +4X; +18x; =6

denklem sistemini Gauss-Jordan yok etme
metodu (satirca indirgenmis eselon form) ile
cozunuz.



o Arttirilmis matris formu

- 2R1

2

0
2

]
0
0
0

3 =2 0
6 —5 =2
0 5 10
6 0 8
+R,— R,
3 =2 0
0o -1 =2
0 5 10
0 ~ 8

N

0 0
S
15 5
18 6]

0 0
3 —1
15 5
18 6




Once-R, - R, sonraR;-5R, —R;ve R,-4R, - R,

I 3 =2 0 2 0 0
o o0 1 2 0 3 |
o 0 0 0 0 0 0

o 0 0 0 0 6 2]

Once R; < R, ve sonra (1/6) R; — R,

1 3 =2 0 2 0 0]

o o 1 2 0 3 1

o o0 o0 o0 0 1 3
o 0 0 0 0 0 0

e

Son olarak, - 3R; + R, —» R,

o o O =
o O O

o O o= O
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* Boylece karsilik gelen sistem

x; + 3x> + dxs + 2x5 =0

x3 + 2x4 = ()
Xe — %
X1 = —3x> —dxg — 2x5
Xy = —214

X,, X, Ve X; serbest degiskenler olup, sonsuz ¢ozim

xp=-=3r—4s—2t, xp=r, x3=-25, X4=395, Xs=1, Xg=7



Homojen Lineer Sistemler

« Homojen lineer bir denklem sistemi

apx; + apxs +---+ apx, =0

a,xy + anx; +---+ apmx, =0

14X _l_ X2 _l_ T _l_ AmnXn = ﬂ

formundadaur.



» Her homojen lineer denklem sistemi tutarhidir
cunku boylesi sistemler

X1 = {:].,.Tj =0,.. I 0.
¢cOzUmUne sahiptir.
» Buna asikar coziim denir.

» Eger bundan baska ¢ozlim varsa, asikar olmayan

¢cOzum vardir, denir. Bu durumda sonsuz ¢oziim
vardir.

» Geometrik olarak,

4+ b y=
a,x +by=0 ax+by=0

Only the trivial solution Infinitely many

solutions



Ornek:

(X, +3X, —2X, + 2% =0

2X, +6X, —9X, —2X, +4X, —3X; =0
5X, +10x, +15%, =0

(12X, +6X, +8X, +4X; +18%; =0

homojen denklem sistemini Gauss-Jordan yok
etme metodu (satirca indirgenmis eselon form)
Ile ¢ozlinuz.



* Homojen sistemin arttirilmis matris formu

I 3 =2 0 2 0 0
2 6 -5 =2 4 -3 0
0 0 5 10 0 15 0

2 6 0 8 4 18 0

" Aymi elementer satir 1slemler1 uygulanirsa

[l 3 0 4 2 0 0
O 0 1 2 0 0 0
0O 0 0 0 0 1 0O
0O 0 0 0 0 0 0



* Boylece karsilik gelen sistem

X1 + 3x» + 4x4 + 2x5 =0
X3 -+ :’..1’4 = ()
X = 0
Xy = —3x> — 4xs — 2x5
X3 = —21’4
Xo = 0

X,, X, Ve X; serbest degiskenler olup, sonsuz ¢ozim

X1=-—3r—4s —2t, xo=r, x3=-—-25, xa=5, Xs=1, xg=0

NOT: r=s=t=0 ic¢in asikar ¢oziim elde edilir.



More Examples -System with No Solution

 Solve the system.

( Xx—-3y+2z=12
12X -3y +5z=14
X -2y +3z=20

\

— We transform the system into row-echelon form.



— The last matrix is in row-echelon form.
— S0, we can stop the Gaussian elimination process.



1 -3 2 12
O 1 1 -10
O O O 1

— Now, If we translate this last row back into
equation form, we getOx + 0y + 0z =1, 0r 0 =1,
which Is false.

— No matter what values we pick for x, y, and z,
the last equation will never be a true statement.

— This means the system has no solution.



Example - System with Infinitely Many Solutions

 Find the complete solution of

the system.
-3X -9y +36z= 10

T —X + /Zz= 5
X+ y—-10z=-4

\

— We transform the system
Into reduced row-echelon form.



-3
-1
1

R,+R; =R,

-5
0
1

36 10
7
-10

N\

R;+3R; =R,

Id

5
-4

1 1 -10

-1 O

3 5 36

R;+2R, >R,

7

AN
/7




1 1 -7 -5
0 1 -3 1
00 0 O

— The third row corresponds to the equation 0 = 0.

— This equation Is always true, no matter what
values are used for x, y, and z.

— Since the equation adds no new Iinformation about
the variables, we can drop it from the system.



S0, the last matrix corresponds to

the system (
X —=[z2=-5

y-3z= 1

— Now, we solve for the leading variables
X and y in terms of the nonleading
variable z:

X=1/7z2-5
y=3z+1



To obtain the complete solution, we let t
represent any real number, and we express
X, Y, and z in terms of t:

X=/7t-5
y=3t+1
Z=1

— We can also write the solution as
the ordered triple (7t -5, 3t + 1, t),
where t is any real number.



* In this example, to get specific solutions
we give a specific value to t.

— For example, iIft =1,
then
X=7(1)-5=2
y=3(1)+1=4
z=1



» Here are some other solutions of
the system obtained by substituting other
values for the parameter t.

Parameter ¢ Solution (7t — 5,3t + 1.1)
— ] (—12, =2, —1)

0 (—5.1,0)

2 (9,7,2)

5 (30, 16, 5)




Example -System with Infinitely Many Solutions

 Find the complete solution of

the system.
X+ 2y —3z—-4w =10

I X+3y—-3z—-4w =15
2X+ 2y -6z -38w =10

— We transform the system
Into reduced row-echelon form.




-4 10
-4 15
-8 10

(1 2 -3 -4 10]
R3+2R2—>R3 O 1 O O 5
00 0O O O]

— Since the last row represents
the equation 0 = 0, we may discard It.



S0, the last matrix corresponds to
the system

-

X —=3z—-4w =0
.Y =9
— To obtain the complete solution,

we solve for the leading variables x and y

In terms of the nonleading variables z and w,
and we let z and w be any real numbers.




Thus, the complete solution is:
X =3S + 4t
y=>5
Z=S
w =1
where s and t are any real numbers.

— We can also express the answer as
the ordered quadruple (3s + 4t, 5, s, t).



 Note that s and t do not have to be
the same real number In the solution
for Example.

— We can choose arbitrary values for each
If we wish to construct a specific solution
to the system.



